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Abstract

There are at least two ways to deduce Einstein’s field equations from the principle of max-

imum force c4/4G or from the equivalent principle of maximum power c5/4G. Tests in

gravitational wave astronomy, cosmology, and numerical gravitation confirm the two prin-

ciples. Apparent paradoxes about the limits can all be resolved. Several related bounds

arise. The limits illuminate the beauty, consistency and simplicity of general relativity from

an unusual perspective.
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I History and experiments

It is known since around 1887 that the invariant maximum speed vmax = c ≈ 3.0 · 108 m/s is valid

for every physical system. Since 1905 it is known that maximum speed implies special relativity.

Similarly, it is known since around 1973 that the invariant maximum force

Fmax = c4/4G ≈ 3.0 · 1043 N , (1)

is valid for every physical system. Power, the zeroth component of the force four-vector, has an

equivalent limit

Pmax = c5/4G ≈ 9.1 · 1051 W . (2)

Since 2002 it is known that maximum force or maximum power imply the field equations of general

relativity. Either limit allows exploring general relativity in an intuitive and productive way. The

limits help to get an overview about the effects and the beauty of gravity, including curvature,

horizons, black holes and gravitational waves.

It was Elizabeth Rauscher who mentioned maximum force for the first time, in 1973 [1]. The

concept had been overlooked by Einstein and many researchers after him. She was followed by

Treder [2], Heaston [3], de Sabbata and Sivaram [4] and others [5, 6]. After the turn of the millen-

nium, the topic was explored in more detail, and the factor 1/4 was deduced by Gary Gibbons [7]

and confirmed by Schiller [8, 9]. Recently, interest in maximum force has increased [10–22].

Several arguments lead to a maximum force value. First of all, the limit follows from F = ma.

The acceleration of (the front of) a body of length l is limited by a ≤ c2/l [23]. As a consequence,

the force on a body of mass m is limited by F ≤ c2(m/l). The largest mass per length ratio m/l

arises for a Schwarzschild black hole, with a value c2/4G. This yields a maximum force value

Fmax = c4/4G.

Equivalently, force is an energy per length: a force acting along a path – such as a force on a

spring – deposes an energy along the path. The highest possible energy per length ratio occurs

when a Schwarzschild black hole of energy Mc2 is deposed over its own diameter 4GM/c2. This

ratio again yields a maximum force value c4/4G.

Also the force produced on a test mass m by a Schwarzschild black hole is limited. When a

test mass is lowered, using a string, towards the horizon, the value of the force of gravity can be

calculated [7, 18, 24, 25]. At the horizon, the expression increases beyond all limits. However,

the test mass has a certain size, which is surely larger than its own Schwarzschild radius. This
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minimum size of the test mass yields a smallest possible value for its distance to the horizon. This

smallest distance prevents the force of gravity from ever exceeding the maximum value. In fact,

the same force limit arises when considering the force of gravity between any two black holes.

Also their attraction never exceeds the maximum value [7, 18].

Physically, the maximum force is equivalent to the maximum power or luminosity Pmax =

c Fmax ≈ 9.1 · 1051 W. This huge value corresponds to about 50 700 solar masses per second.

Probably the first to investigate maximum power was Sciama, again in 1973 [26]. A hint in the

Gravitation textbook, Sivaram [27, 28] and other authors followed [5, 10, 13, 14, 19, 29, 30]. The

factor 1/4 arose later, in parallel with maximum force.

Both the maximum force and the maximum power values are so large that they do not arise

in everyday life or in experiments. Indeed, both limit values are only relevant near black hole

horizons. And even though no force value close to the maximum force has ever been measured, the

situation differs for maximum power. The most powerful energy sources in nature are black hole

mergers. Among these, the most powerful event observed by the LIGO and Virgo gravitational

wave detectors reached an instantaneous emitted power – during about a millisecond – of 230±80

solar masses per second [31], or 0.46±0.16 % of the maximum power value. The well-known 2019

black hole merger emitted up to 207 ± 50 solar masses per second [32]. Therefore, observations

with gravitational waves are 2 orders of magnitude away from possible falsification. Future, space-

based detectors will do better. But the chances for falsification are low: even the luminosity of the

full universe does not and never did exceed the value c5/4G.

II A first derivation of the field equations from maximum force

There is a common reticence to use the concept of force in general relativity. Nevertheless, force,

with its usual definition as change of momentum, F = dp/dt, can be used without restrictions. If

preferred, the more intuitive concept of maximum power can be used instead.

The invariance of the speed of light implies that around a mass, space is curved. Spatial curva-

ture is confirmed by observations during solar eclipses. Curvature is also predicted by maximum

force: the limit is only achieved at black hole horizons, and such horizons only arise around

masses, and only due to the curvature of space. In short, maximum force implies that masses bend

vacuum: vacuum is elastic.

The elasticity of a material is described by the shear modulus. The shear modulus also de-
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termines the shear strength, i.e., the maximum shear that a material can endure before plastic

deformation and ripping apart. The two quantities are related by a factor of order 1. We now

imagine vacuum to be a material. The elastic constant c4/8πG of the vacuum determines, within a

factor 2π, the maximum force c4/4G that the vacuum can endure before plastic deformation. (We

will explore below what happens in this extreme case.)

General relativity describes the elastic behaviour of space. The maximum force value and the

elastic constant of vacuum imply a linear relation between spatial curvature and energy density.

When this relation is generalized to arbitrary observers and thus to general coordinate systems, the

field equations arise directly [18, 21]. To see this, one starts with force Fmax acting over an area

A. This yields a stress, or energy density, given by

ε =
c4

4G

1

A
. (3)

In the case of a spherical surface of radius a, the area A = 4πa2 implies a uniform curvature

R = 1/a2. Therefore, energy density and curvature are proportional, as expected from elasticity:

ε = (c4/16πG)R. In the case of a general coordinate system, the energy density ε is described by

the energy–momentum tensor Tµν (with components of pressure, density, etc.) and the contracted

curvature R/2 becomes the Ricci tensor Rµν . This yields the intermediate result:

Tµν =
c4

8πG
Rµν . (4)

The conservation of Tµν , i.e., the vanishing of its covariant derivative, dictates thatRµν be replaced

by the Einstein tensor Gµν = Rµν − gµνR/2, whose covariant derivative also vanishes, leading to

Tµν =
c4

8πG
Gµν . (5)

These are Einstein’s field equations of general relativity. The derivation can be extended to include

the cosmological constant. In short, using an argument inspired by vacuum elasticity, maximum

force implies the field equations.

III A second derivation of the field equations

A second derivation of the field equations focuses on the properties of black hole horizons [9, 18].

A black hole can be seen as matter in permanent free fall. In other terms, every black hole horizon

shows energy flow. Because a black hole horizon has a finite radius, at every point of the horizon,
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the maximum force value limits the energy flow through the horizon. The limit is called the first

law of black hole mechanics [33, 34]. The first law follows from and is equivalent to the fact that

event horizons are surfaces showing maximum force at every point. (The first law also arises if

one starts with maximum power instead of maximum force.)

The first law describes how, for a given horizon surface gravity, a change in horizon area in-

duces a change in horizon energy: the law thus specifies the dynamics of horizons and shows that

this dynamics is determined by the maximum force. This is analogous to special relativity, where

the dynamics of massless radiation is determined by maximum speed.

In 1995, Jacobson showed [35] that the first law of horizon mechanics is equivalent to Einstein’s

field equations of general relativity, including the cosmological constant. The result was confirmed

by other authors [36–40]. The argument is twofold: the first law implies that horizons follow the

field equations. In addition, using a suitable coordinate transformation, a horizon can be positioned

at any desired location in space-time. This possibility implies that the dynamics of space-time, also

far from any horizon, is equivalent to the dynamics of horizons. As a result, the field equations are

valid everywhere.

In short, maximum force or maximum power, together with the maximum speed, imply the first

law of horizon mechanics; the first law in turn implies the field equations.

IV The principle of maximum force or power

Every step in the previous two derivations of the field equations can be reversed. As a conse-

quence, the field equations and maximum force, or maximum power, are equivalent. It is therefore

correct to speak about the principle of maximum force or about the principle of maximum power

in general relativity. This is akin to speaking about the principle of maximum speed in special

relativity.

Special relativity follows from maximum speed – in flat space. The simplicity of the statement

suggests that there are no modifications to special relativity in nature – for flat space. Likewise,

general relativity follows from maximum force – in curved space. The simplicity of the statement

suggests that there are no modifications to general relativity in nature – for curved space.

Indeed, the principle of maximum force implies that every test of general relativity near a

horizon is, at the same time, a test of maximum force. At present, the search for deviations from

general relativity, especially near horizons, is a vibrant research field. But even the most recent
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observations of black hole mergers [41] and of the double radio pulsar PSR J0737–3039A/B [42]

failed to find any deviation.

The force and power limits also allow to test alternative theories of gravitation. So far, theories

that contradict experiments also appear to contradict the two limits, and vice versa [13, 43–46].

V Counter-arguments and paradoxes

The statement of a maximum force c4/4G elicits attempts to exceed it. For example, one can

ask whether Lorentz boosts allow exceeding the maximum force. But since a long time, textbooks

implicitly show that this is impossible: both the acceleration value and the force value in the proper

frame of reference are not exceeded in any other frame [47–49]. For example, in the simple one-

dimensional case, the boosted acceleration value is the proper acceleration value divided by γ3,

whereas the boosted force value is the same as the proper force value.

What happens if one adds two forces whose sum is larger than the maximum? If the forces

act at different points, their sum is not limited by the principle of maximum force. Any force is a

momentum flow; the principle does not limit the sum of flows at different locations. In the same

way that adding speeds at different points in space can give results that exceed the speed of light,

also adding forces at different points in space can give values exceeding the force limit. If, instead,

the forces in question all act at a single point, the principle states that their sum cannot exceed the

maximum value [18]. The speed and force limits are local.

A recent proposal for exceeding the maximum force [50] disregarded locality, as explained

in reference [51]. In fact, whenever one tries to exceed maximum force at a specific location, a

horizon appears that prevents doing so, because the principle of maximum force also implies the

hoop conjecture [52, 53].

Why does the weakest interaction determine the highest force? Gravity’s “weakness” is due

to the smallness of typical elementary particle masses, and not to an intrinsic property of gravity

[54]. In fact, all interactions lead to curvature. The relation between curvature and energy density

described by c4/4G is independent of the type of interaction.

Another potential counter-argument arises from the issue of renormalization of G in quantum

field theory. Certain approaches to this issue [55–58] suggest that G might change with increasing

energy, and in particular that G might increase when approaching the Planck energy. However,

reasons for a fundamental impossibility thatG is renormalized were given by Anber and Donoghue
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[59, 60]. So far, no hint for a change of G with energy has been found. If future experiments ever

find such such a change, maximum force is falsified.

Several papers have claimed that the numerical factor in maximum force or power is 1/2 in-

stead of 1/4 [10, 13, 14, 19]. However, the missing factor 1/2 reappears either when distinguishing

radius and diameter, or when the factor 2 in the expression E = 2TS, valid for black hole thermo-

dynamics, is taken into account.

Also the maximum power c5/4G leads to paradoxes. At first sight, it seems that the maximum

power can be exceeded by combining two (or more) separate power sources that add up to a

higher power value. However, at small distance from the two sources, their power values cannot

be added, as this violates locality. And seen from a large distance, where such an addition might

approximately be possible, the two sources will partially absorb each other’s emission and thus

avoid exceeding the power limit.

Another recent theoretical attempt [61] to invalidate the power limit in star explosions made

use of an expansion front speed larger than c. But front speeds are energy speeds; they cannot

exceed c. Maximum power remains valid also in explosions.

In short, no confirmed counter-example to maximum speed, maximum force or maximum

power has yet been found. Obviously, as usual in physics, falsification is still possible in the

future – though rather improbable.

VI Related limits in nature

Similar to maximum force and maximum power, also the limit for mass flow rate given by

(dm/dt)max = c3/4G ≈ 1.0 · 1035 kg/s holds at every point in space-time. Again, the limit is

realized only at horizons. However, even the most recent numerical simulations by Cao, Li and

Wu find no evidence that contradicts the limit [62].

Any source emitting gravitational waves with maximum power yields, at distance r, a limit on

the curvature of space. As mentioned above, the limit has not been exceeded in any observation

by LIGO or Virgo.

In cosmology, the maximum power and maximum force arise regularly. The maximum force

Fmax acting over the Hubble radius – whose area is typically 1/Λ – gives Λc4/8πG. So there is a

relation between maximum force and dark energy.

The luminosity of the complete universe appears to be exactly equal to the power limit c5/4G,
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within measurement accuracy. This equality directly explains the temperature-time relation of the

standard big bang scenario [28, 63]. In addition, maximum power, when integrated over time,

determines the critical density of the universe as an upper limit.

The electric field is defined as force per charge. In nature, electric charge is quantized in

integer multiples of the down quark charge −e/3. As a result, a maximum force and a minimum

charge imply maximum values for electric and magnetic fields given by Emax = 3c4/4Ge =

5.7 · 1062 V/m and Bmax = 3c3/4Ge = 1.9 · 1054 T. However, these electromagnetic field limits

cannot be tested in experiments: observable field values are limited by the much lower Schwinger

limit that describes the onset of electron-positron pair production. The Schwinger limit is also the

reason that maximum luminosity c5/4G cannot be reached by electromagnetic sources, but only

by sources of gravitational waves.

It should be mentioned that even charged black holes cannot produce forces larger than the

maximum force [25]. The black hole charge reduces the horizon radius, but the force limit among

black holes or the force on test particles, whether charged or not, remains valid: the force is given

by curvature, and curvature is due to all interactions combined.

Maximum force and power hold independently of quantum theory. Therefore, the two limits

can be combined with quantum theory to produce additional insights and tests. For example,

the quantum of action leads to a lower limit on time given by twice the Planck time: tmin ≥√
4G~/c5 ≈ 1.1 · 10−43 s, and similarly, to a lower limit on length, given by lmin ≥

√
4G~/c3 ≈

3.2·10−35 m, and a corresponding lower limit on area and volume. Including the quantum of action

also leads to upper limits on acceleration, jerk, and density. No contradictions with experiments

or with expectations arise [18].

In 1929, Szilard [64] argued that the smallest entropy in nature is given by the Boltzmann

constant k. Combining the Boltzmann constant, the force and speed limits, and the quantum of

action allows deducing an upper temperature limit Tmax =
√

~c5/4Gk2 ≈ 7.1 · 1031 K, i.e., half

the Planck temperature.

The force limit also explains black hole entropy, discovered by Bekenstein and Hawking, again

in 1973, as well as the entropy bound. Black hole entropy is a horizon entropy. Therefore, it is

the upper limit for the entropy of a physical system enclosed by a given surface area. The horizon

area is measured in multiples of the smallest area. For this reason, the factor 1/4 from maximum

force also appears in the expression S/k = Ac3/4G~ for black hole entropy [18].

When a material reaches its elastic limit, thus when it deforms plastically before ripping, its
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quantum properties become important, and defects arise. Similarly, just before the vacuum reaches

its elastic limit at the maximum force, its quantum properties become important, and particles

arise, in the form of thermal radiation. Stretching imagination, black hole radiation can thus be

seen as due to the plastic deformation of space near the horizon.

VII Outlook

In summary, general relativity can be deduced from the principle of maximum force or from the

principle of maximum power, together with maximum speed. The search for experimental coun-

terexamples is not successful, neither in black hole mergers, nor in astronomy, nor in cosmology.

Also theoretical tests in the various parts of physics confirm the limits. The limits provide several

testable predictions; in particular, they suggest that general relativity is valid without any modi-

fication. Above all, the force and power limits offer new options for teaching and exploring the

fascinating beauty of general relativity.
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